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1. INTRODUCTION 
In the previous articol we presented the calculation of the airforces on lifting surfaces that 
perform combinations of hamonic oscillations of small amplitudes. However, because some 
of the theoretical aspects remained somehow unclear, the author felt the need to bring here 
some details. These theoretical problems being solved, the metods used conducted us to a 
natural extension  to  applications  to  the  study  of  the  aerodynamic  response  to  gusts  and 
different wing motions . We mention that Garrick presented a paper on Fourier transforms in 
non-steady flows long time ago [3], but formulated only for the two-dimensional case. On 
the other hand, the way we approach the problem here is different. We presented here as an 
example the case of a wing which performs a cos-type of pitching. 
2. GENERAL LIFTING SURFACE THEORY IN RECTILINEAR MOTION 
Consider a lifting surface in rectilinear motion with constant subsonic speed,   U . 
The lifting surface (wing or empennage - see fig. 1) is denoted here by the symbol (W) 
and is represented by the next parametric form: 
  t s O s M M ; , ) , ( 0    
  
  (1) 
In equation (1), λ is a chordwise parameter (=0 for the leading edge and 1 for the trailing 
edge) and s a spanwise parameter ( 1 1    s  for symmetrical wings). 
If in the previous equation the second term equals 0, we have a wing in steady motion, 
(W0).  Otherwise,  the  wing  surface  performs  displacements  of  small  amplitude,  namely 
  t s O ; , 

. The moving surface is now denoted by (W). In the above equation,  ) ; , ( t s O 

 is Valentin Adrian Jean BUTOESCU  16 
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the small displacement. Then the amplitude of the motion  ) ; , ( t s O 

<<1. Suppose now that 
in the displacement    t s O ; , 

, the space and time variables are separable, i.e. 
    t q s o l t s O      , ) ; , (
 
   
In  the  above  equation,  l  is  a  reference  length,  and    s o , 

  is  the  non-dimensional 
displacement mode. As regards    t q , it represents the generalised coordinate. It is a non-
dimensional real function defined over       ,  and which, as we will see further, can be 
represented as a Fourier integral. 
 
Fig. 1 The wing coordinate systemsoxyz and oxsz 
We can now write an instantaneous normal to the (W) surface as: 
 
s
M M
s N



 

 
 

,   (2) 
Then we can express the unit normal vector to (W) as 
           , , , , , 2
2 1 0 t q s n t q s n s n s n       
   
  (3) 
where  , 1   0  n

 while  1 n

 is infinitely small of the first order and  2 n

 is infinitly small of the 
second order. 
The boundary condition can be written as 
0  

 

    n M v i U
    
  (4) 
In the above equation, v

 is the perturbation field due to the presence of (W), 
      t P v P v t P v , , 1 0
    
    (5) 
and      t q s o l M    
    , . In the previous equations,     U , 1 0   v v
 
 and   U M  
. Then (4) 
becomes: 
0 s order term higher  0 0 1 0 0 1 0              n q o l n v n v q n U n U x x
      
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Separating the time-depending terms from those that do not contain the time variable, we 
get: 
  


     
  


0
                      0
0 0 1 1
0 0 0
q n o l n v q n U
n v n U
x
x
    
 
  (6) 
As in the previous articles, we will write the normalwashes: 
   
              


         
   


t q n o l t q n U w
n U s w
x
x
  
s , s , s , t s; ,
                                                          s , ,
0 1 1
0 0   (7) 
For the case of steady flow,    1  t q , and  0 0n v
 
 can be represented by an integral expression. 
So, one obtaines the well-known lifting surface integral equation  of the steady flow: 
  
        
d d
s w dS p M s K
W
2
) (
0
*
0 0 8
1
F - EG dS
 where , ) , ( ) , ( ) ; , ; , (
0   (8) 
In the above formula, E, F, G are the well-known coefficients of the first fundamental form 
of the wing surface W0. 
For the case of wing oscillating harmonically,    t i e t q   ,      t i e s p t s p      ; , ~ ; , *
1
*
1 , 
             
t i t i
x e s w U e n o l n U w
         ; , ~ s , s , s , t s; , 1 0 1 1          
 
 
0 1n v
 
, has a more complicated integral form, [1], [2]. We get the following integral equation: 
           
) (
1
*
1 1 8
1
0
) ; , ( ~ ) ; , ( ~ ) ; ; , ; , (
W
s w dS p M s K   (9) 
For  the  general  wing  motion,    t q   is  a  general  function,  which  may  possibly  have 
discontinuities of the first kind, but remains finite. 
Then the  0 1n v
 
 term has the next formula [3]: 
    








  




) (
1
*
1
2
0
2
8
1
0
) ; , (
) ; ; , (
W A
t s w dS d
R
t p
n
  (10) 
In the above equation, the improper integral gives the influence of a pressure doublet lying 
on the wing and its infinite trail. R is a function defining the ’modified’ distance from the 
doublet to the point in space: 
    2 2 2 2 ) ( ) (           z y x R  
Remark on equation (10) Suppose    s w t s w , ) ; , ( 0 1    . The integral equation (10) takes the 
form  (8)  and  the  result  is  the  solution      s p t s p , ; , *
0
*
1      (does  not  depend  on  time). 
Similarly, if    t i e s w t s w      ; , ~ ) ; , ( 1 1 , the equation (10) becomes (9), and the solution will 
be of the form      t i e s p t s p      ; , ~ ; , *
1
*
1 . Valentin Adrian Jean BUTOESCU  18 
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Superposition of oscillatory flows Suppose now we have two oscillatory flows with two 
different circular frequencies,  : , 2 1    
      t i t i e s w a e s w a t s w 2 1
2 2 , 1 2 1 1 , 1 1 ; , ~ ; , ~ ; ,            (11) 
where a1 and a2 are two complex numbers. 
If we choose the solution of the form 
      t i t i e s p a e s p a t s p 2 1
2
*
2 , 1 2 1
*
1 , 1 1
*
1 ; , ~ ; , ~ ; ,            (12) 
and introduce the equations (11) and (12) in (10), we can separate two integral equations 
with    s p , ~*
1 , 1   and    s p , ~*
2 , 1   as unknowns: 



 


         
         




) (
2 2 , 1 2
*
2 , 1 2 1 8
1
) (
1 1 , 1 1
*
1 , 1 1 1 8
1
0
0
) ; , ( ~ ) ; , ( ~ ) ; ; , ; , (
) ; , ( ~ ) ; , ( ~ ) ; ; , ; , (
W
W
s w dS p M s K
s w dS p M s K
  (13) 
The two integral equations can be solved using a certain numerical method [1], and so we 
find the solutions    s p , ~*
1 , 1   and    s p , ~*
2 , 1   which will be introduced in (12). 
We can extend this property to N different oscillatory motions: 
   
   







  
  






(b)    , ~ ; ,
(a)    , ~ ; ,
1
*
, 1 1
1
, 1
N
k
t i
k k
N
k
t i
k k
k
k
e s p a t s p
e s w a t s w
  (14) 
In the above,    s p k , *
, 1   is obtained by solving N times integral equations like (13) with N 
different parameter, ωk. 
Moreover, consider the normalwash function of the form: 
      


      
2
1
; , ~ ; , d e s w a t s w t i   (15) 
where a() is a certain complex-valued function and w is the normalwash (complex-valued 
too). The pressure jump (or load) will be: 
      


      
2
1
; , ~ ; , *
1
*
1 d e s p a t s p t i   (16) 
We can extend the above two formulae for        2 1   and    provided that 
    

 
    d s p a ; , ~*
1  
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     
      






     
     



 


 

(b)    ; , ~ ; ,
  (a)    ; , ~ ; ,  
*
1
*
1 d e s p a t s p
d e s w a t s w
t i
t i
  (17) 
Since  we  know  the  pressure  distributions,  we  can  find  the  aerodynamic  resultant 
coefficient due to  ) ; , ( 1 t s w   expressed either by (14a) or (17a). 
We find in the first case: 
     
 
   
 
 
     
  

  
   
 








     




0
0 0
. , , ~ 1 ~
   where
,
~
, , ~ 1
, ; ,
1
0
*
, 1
1
1
0
*
, 1 0 1
W
k k
N
k
t i
k k
N
k
t i
W
k k
W
dS s n s p
S
R
e R a
e dS s n s p
S
a dS s n t s p
S
t R
k
k
 

  
  (18) 
In the above formula, S is the wing area. In the second case of normalwash, 
     
 
     
 
   
     
 
. , , , ~ 1 ~
   where
,
~
, , , ~ 1
, ; ,
1
0
0 0
0
*
1
0
*
1 0
*
1


  
   
   
 







       

 


 

W
t i
t i
W W
dS s n s p
S
t R
d e R a
d e dS s n s p
S
a dS s n t s p
S
t R
 

  
  (19) 
Similarly, one can calculate the moment coefficints about a point, say    0 , 0 , ac x , where 
ac stands for the aerodynamic centre of the wing. 
Let us considera a reference length, lref. Then: 
     
 
     
 
   
     
 
       k s z j s y i x s x r
dS s n s p r
l S
t M
d e M a
d e dS s n s p r
l S
a
dS s n t s p r
l S
t M
ac ac
W
ac
ref
t i
t i
W
ac
ref
W
ac
ref
   
  

 
  
, , ,              
, , , , ~ 1 ~
   where
,
~
, , , ~ 1
        
, ; ,
1
0
0
0
0
*
1
0
*
1
0
*
1
      
   


   
 







   

 
   




 


 


 

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3. CASE WHEN q(t) CAN BE EXPRESSED AS A FOURIER INTEGRAL 
Suppose now that the function    t q  can be represented as a Fourier integral, i.e it can be 
written as: 
       

 

 
      

 d e q d t q t i
2
1
  (21) 
We prefer to separate the Fourier transform     q ˆ  of the function   t q : 
    

 
   

  d e q q i
2
1 ˆ   (22) 
Then, the Fourier integral can be written as 
    

 
  

  d e q q i ~
2
1 ˆ  
The normalwash becomes: 
               
           
          
 

 




 


 


 
 






  
 
   
               
             
d e q ,s n ,s o
U
l
i ,s n
π
U
d e q i
π
,s n ,s o l d e q
π
,s n U
t q ,s n ,s o l t q ,s n U ,s;t w U ,s;t w
t i
x
t i t i
x
x
ˆ
2
ˆ
2
1 ˆ
2
1
0 1
0 1
0 1 1 1
 
 
  
 
(23) 
We notice that within the integral we can separate the function: 
          ,s n ,s o
U
l
i ,s n s w x osc   
 
     

0 1 ; , ~  
  (24) 
which  is  the  well-known  normalwash  for  the  wing  oscillating  harmonically  with  the 
frequency ω after a mode described by    s o , 

. We will re-write equation (23) as 
      

 
    

 d e s w q λ,s;t w t i
osc ; , ~ ˆ
2
1
1   (25) 
Appling(17), we get: 
      

 
    

     ; , ~ ˆ
2
1
; , *
1
*
1 d e s p q t s p t i   (26) 
Then we can calculate the aerodynamic resultant: 
     
 
     

 
   

    d e R q dS s n t s p
S
t R t i
W
   ~ ˆ
2
1
, ; ,
1
0
0
*
1   (27) 
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     
 
     

 
   

   

 d e M q dS s n t s p r
l S
t M t i
W
ac
ref
    ~ ˆ
2
1
, ; ,
1
0
0
*
1   (28) 
4. NUMERICAL EXAMPLE 
Consider a rectangular wing (c=1m, b=3m). It flies at an incidence of 0 rad
 almost all time, 
except for 1 second, when its incidence varies from 0 according to a cosine law, then returns 
to 0 (fig 2). The wind speed is  s m U / 50    (M = 0.147).Then: 
    , 1     ; 025 . 0 1 . 0     , m l k x o t q o l O        
   
  (29) 
and  
   
s T
T
a
T t T t a
t q
5 . 0    ,
2
,
otherwise   0
  if   cos





    

  (30) 
 
 
Fig. 2 Function q(t) and its Fourier transform      s q fq 5 . 0 , ˆ       
We can calculate the Fourier transform: 
     
     
.
sin sin
2
1 ˆ                                    
or,    cos
2
1
2
1 ˆ
 

 

 
 

 
 

 


  

   

  
   
a
T a
a
T a
q
d e at d e q q
T
T
i i
  (31) 
In the above equation,  s T 5 . 0  . Both the function q(t) and its Fourier transform     q ˆ  are 
represented  in  fig. 2. We observe  that q(t) is an even function,  then so it is its Fourier 
transform too: 
               q q t q t q ˆ ˆ  
  Applying (24) we find      ; , ~ s wosc . Then we calculate 
            







        

   


 

0
*
1
0
*
1
*
1    ; , ~ ˆ    ; , ~ ˆ
2
1
; , d e s p q d e s p q t s p t i t i   (32) 
If we change the variable in the first integral, ω=-ω’ (ω’>0) , we get: 
       
    ' ' ; , ~ ' ˆ
      ' ' ; , ~ ' ˆ ; , ~ ˆ
0
' *
1
0 0
' *
1
*
1
    
            

 


  
  
d e s p q
d e s p q d e s p q
t i
t i t i
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In the above equation, we have used the fact that q(t) is an even function and the property of 
the negative frequency derived in [2]. Now (26) becomes: 
         
       
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t i t i
t i t i
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2
1
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2
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1
0
*
1
0
*
1
*
1
  (33) 
or, 
              

        

 
0
*
1
*
1
*
1 sin ; , ~ Im cos ; , ~ Re ˆ 2
; , d t s p t s p q t s p   (34) 
The global aerodynamic forces are given by (27): 
       
      



 







   

 
     

 
  


   

 
0
sin
~
Im cos
~
Re ˆ 2
~
2
1
d t R t R q
d e R q k t C t R t i
L
 
  
  (35) 
A similar formula is obtained for the pitching moment coefficient. 
We now introduce the geometry and a number of say 31 reduced frequencies 

 

U
l
k
corresponing to ω=0; 1;...30rad/sec into the DLM code, we get: 
  The pressure distributions  *
1
~ p on the wing (matrix), for each frequency; 
  The global lift     k C R L
 
  
~
 for each frequency, pitching amplitude 1rad. 
  The global piching moment for each frequency. 
Here we present only the global force as an example, remaining for the next issue to show 
the pressure distributions and the resultant moment. 
 
 
Fig. 3 Functions Re[CL(ω)] (left) and Im[CL(ω)] (right) for 1 rad; the curves with dash lines represent the exact 
values from the code; the solid lines with o’s represent approximations used here. 
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Fig. 3 represents the real and imaginary parts of CL obtained with the code (dash lines). 
We  used  a  langrangian  polynomial  representation  for  the  real  part,  and  a  linear 
approximation for the imaginary part (solid lines with o’s). 
The infinite integral in (35) has been also restricted to the upper limit ω = 30.  
 
Fig. 4 The lift coeficient variation CL(t) for q(t) given by (30); the dashed line represents CL(-t) to highlight the 
lack of symmetry of th curve. 
The result of this integration is given in fig. 4. One can see that the integrand in the 
transform (35) is neither an even, nor an odd function. 
It results that there  is a phase shift between the wing motion (an even function) and the 
aerodynamic response. 
The fact that the CL(t) is not an even function becomes obvious when we represent the 
curve CL(-t) for comparison (fig. 4). 
In a next article we will present some other applications of the Fourier transform to 
unsteady wing motions. 
5. CONCLUSIONS 
1.  We dealt here with the linear combinations of oscillations of wings. These oscillations 
are  assumed  harmonic  and  they  are  performed  with  different  frequencies.  We  have 
proved that the superposition principle holds true, so that the analysis developed in the 
previous article is available. 
2.  We  extended  the  superposition  principle  to  the  wing  displacements  described  by 
functions of time that can be expressed by Fourier integrals. So we obtained formulae for 
the pressure distribution and global lift and moment. To use them, we need a code that 
gives  the  pressure  distributions  and  global  forces  and  moments  on  wings  oscillating 
harmonically in subsonic flow. 
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